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pore or particle diameter ; 
dimensionless stream function; 
acceleration of gravity; 
modified Grashof number, gpKK’ (tw - t,)/v* ; 
hydraulic gradient ; 
permeability; 
inertial coefficient in the Ergun equation; 
local Nusselt number ; 
power law dependence of surface temperature; 
pressure; 
Rayleigh number, g/?Kx(t, - t,)/va; 
temperature ; 
surface temperature; 
ambient fluid temperature; 
streamwise specific discharge ; 
cross stream specific discharge; 
streamwise coordinate ; 
cross stream coordinate. 

Greek symbols 

effective thermal dilfusivity of saturated porous 
medium ; 
coefficient of thermal expansion ; 
porosity; 
independent similarity variable; 
dimensionless temperature ; 
molecular viscosity ; 
kinematic viscosity; 
fluid density; 
stream function. 

INTRODUCHON 

NATURAL convection in saturated porous media has recently 
received considerable attention because of numerous appb- 
cations in geophysics and energy related engineering prob- 
lems. Such applications include natural circulation in 
geothermal reservoirs, acquifers, porous insulations, packed 
bed reactors, sensible heat storage beds, and beds of fossil 
fuels such as oil shale and coal which have been fragmented 
for in situ energy extraction. 

Several buoyancy driven boundary layer flows have been 
analyzed by Cheng and Minkowycz and their associates 
[l-7] for the case of a Darcy flow. However, the non-Darcy 
flow situation which may prevaif in some of the above 
applications has not been considered. In this paper the 
buoyancy induced boundary layer adjacent to a vertical 
heated surface is analyzed using a non-Darcy flow model. In 
addition, the extension of the analysis to other geometries is 

considered. For the case of a vertical isothermal surface 
similarity exists under the assumed conditions and, thus, the 
governing partial differential equations are reduced to a set of 
ordinary diNerentia1 equations. For the more general case of a 
power law variation in surface temperature the flow is non- 
similar. 

THE NON-DAR63 FLOW MODEL 

A detailed discussion of the limitations of Darcy’s law and 
non-Darcy flow models is presented by Bear [S]. Deviations 
from Darcy’s law are known to occur when the Reynolds 
number based on the mean pore diameter exceeds 1 to 10. 
This deviation can be attributed to inertial forces which are 
negligible in comparison to viscous forces for Reynolds 
numbers less than unity. The earliest non-Darcy flow model 
is that proposed by Forchheimer [9] which can be written in 
one dimension as fotlows : 

Au + Bu* = J (1) 

where J is the hydraulic gradient, u is the specific discharge 
and A and B are empirical constants which must be 
determined from experiment. Since Forchheimer’s pioneering 
studies numero~ non-Darcy flow models have been pro- 
posed, most of which take the same general form as equation 
(1). The primary advantage of the more recent models is that 
the constant# A and B are completely specified in terms of the 
properties of the fluid and the porous medium. Such models 
include those developed by Ergun [lo], Schneebeli [ 111, 
Ward [12], and Irmay [13], among others. The Ergun model 
will be used in the for~coming analysis, however, the results 
are valid for any of the models through adjustment of the 
transport properties which appear in the governing 
equations. 

The Ergun equation can be written (in one-dimension) as 

which is the same form as (1) except the empirical constants A 
and B have been expressed in terms of fluid and medium 
properties. Equation (2) can be written as follows by lumping 
the medium properties into a single coefficient: 

where 

D2 F3 
K=L 

150(1 -s)2 

is recognized as the permeability expressed in terms of a 
characteristic pore or particle diameter and the porosity, and 
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1.750 K’=---!-_ 
150(1-E) (5) 
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is the transport property related to the inertial effect. As K’ + 
0 equation (3) reduces to Darcy’s law. The major difference 
between the Ergun model and others is in the explicit 
dependence of K and K’ on the properties of the medium. 

AI\IALYSIS 

If we assume a two-dimensional flow with constant fluid 
and medium (isotropic) properties, local thermodynamic 
equilibrium between fluid and solid phases and invoke the 
Boussinesq approximation, the governing equations can be 
written 

u+!!!zL _K P_Pgj(‘_r,) 
i’ L P 2X 

(7) 

li+!? K’= _K!! (8) 
P P 3): 

ar dt d2t 
u-+v-=u--. 

dx ay ay2 
(9) 

Here the boundary-layer approximation has been invoked 
with regard to the energy equation and a is the effective 
thermal diffusivity of the fluid-solid system. The boundary 
conditions to be considered are 

at 

y=o: v=o t,=t,+.4xn 

y-+ar: u=o t=t,. (10) 
Upon introduction of the stream function, 

cross differentiating (7) and (8) to eliminate pressure, and 
invoking the boundary-layer approximation with regard to 
the equation for the stream function (#$/ax’ K a2$/lllay2 and 
a+/ax K a$/ay) the resulting equations can be written 

(12) 

a$ at a* at a? 
a-- 

ay ax ax ay a# 
(13) 

The boundary-layer approximation leads to retention of the 
inertial term only in the streamwise direction. 

Equations (13) and (14) along with the appropriate boun- 
dary conditions can be transformed to the similarity coor- 
dinates introduced by Cheng and Minkowycz [l]. 

q rz !! (Ra,)“’ 
X 

(I/ = @w1’2f(s) 
t - t, 

lj-- 

t, - t, 

where 

Ra, = f!? (t, - t,,)X 
YE 

resulting in the following equations : 

&=‘(tw - t,) 
f” + “2 (f’2)’ - 8’ = 0 

tY+ ( J q f(y - “f’e = 0 

(14) 

(15) 

(16) 

with boundary conditions 

at 

q = 0: ,f = 0, Ii = I 

7~“‘: /‘=O. H=O. 117) 

It can be seen that similarity is admitted by (15) only for the 
case of an isothermal surface (n = 0) in which case 

f’ + Gr’(f’)’ - H’ = 0 118) 

H” + li2fl = 0 ilOl 

where 

G,.’ = !!!%‘(t,:_fi! 
Y2 (20) 

is a modified Grashof number expressing the relative impor- 
tance of the inertia1 effects. 

Several other cases examined by Cheng and coworkers 
which lead to similarity for Darcy flow are also similar when 
the non-Darcy effect is included. These include free con- 
vection about isothermal inclined plates where the normal 
component of theacceleration ofgravity can beneglected [7], 
mixed convection about a vertical isothermal surface [S], 
mixed convection on a horizontal surface with temperature 
increasing as _x1j2 in the streamwise direction [6] and natural 
convection from vertical isothermal cylinders [2]. 

RESULTS AND DISCUSSION 

Numerical solutions to the equations (18) and (19) for the 
vertical isothermal surface were obtained. Since similarity 
results for the isothermal surface, the solution is a relatively 
routine numerical integration of the equations using a fourth 
order predictor-corrector routine. 

The resulting profiles ofdimensionless streamwise velocity 
and temperature for the isothermal case are shown in Figs. 1 
and 2 as a function of the parameter Gr’. As can be seen in the 
figures, the inertial term begins to have a pronounced effect on 
the flow for values of Gr’ > 0.1. As Gr’ is increased beyond this 
point, the velocity peak which occurs (in theory) at the wail 
decreases and both the thermal and velocity boundary layers 
become thicker. The end result is, thus, a decrease in the heat 
transfer. 

The local Nusselt number is given by the relationship 

NW, = --P(O) (RaJ”2. (21) 

For Gr’ = 0 which implies Darcy flow - W(0) was computed 
to be 0.44390 as compared to 0.4440 reported in [l]. The rate 
of e’(0) for the non-Darcy case to that for the Darcy case 
(designated &(O)) is shown in Fig. 3 for values of Gr’ ranging 

FI<;. 1, Dimensionless velocity distribution as a function of the 
parameter, Gr’ 
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FIG. 2. Dimensionless temperature as a function of 
parameter, Gr’. 

the 

from 0.01 to 100. Tabulated values of 8(O) andf’(0) are given 
in Table 1. For values of Gr’ up to 0.1, the heat transfer 
deviates from the Darcy case by less than 5% but drops off 
rapidly as Gr’ is increased beyond 0.1. 

Table 1. Dimensionless temperature and velocity gradients 
atq=O 

Gr’ 

0.00 
0.01 
0.10 
1.00 

10.00 
100.00 

Isothermal 
W(O) 

- 0.44390 
- 0.44232 
- 0.42969 
-0.36617 
-0.25126 
-0.15186 

f(O) 

100000 
0.99020 
0.91608 
0.61803 
0.27016 
0.09512 

The results demonstrate that the relative importance of the 
inertial effects is characterized by the modified Grashof 
number, Gr’, defined in equation (21). For vertical heated 
surfaces the deviation of the heat transfer from that for Darcy 
flow is less than 5% for Gr’ < 0.1. For Gr’ > 0.1 the deviation 
increases rapidly and inertial effects should be incorporated 
in the analysis. 
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NOMENCLATURE 

anisotropy factor, K&,, equation (1); 
gap width between adjacent rods; 
specific heat at constant pressure; 
rod diameter; 
subchannel equivalent diameter = 4F/S ; 
flow area of subchannel; 
duct height, Fig. 1; 
turbulence kinetic energy ; 
effective conductivity parallel to surface; 
effective conductivity normal to surface ; 
rod pitch; 
heat transfer/unit length between adjacent 
subchannels ; 
subchannel Reynolds number, pUde/p: 
wetted perimeter; 
gap Stanton number, Q/b(Ti - Tj)pUCp; 
bulk mean temperatures in adjacent subchannels, 
Fig. 1 ; 
mean axial velocity ; 
normal distance from wall; 
normal distance from wall to surface of no-shear, 
mixing factor, equation (3). 

Greek symbols 

I:, dissipation of turbulence kinetic energy ; 
A dynamic viscosity, evaluated at bulk mean 

temperature ; 
P> density, evaluated at bulk mean temperature. 

INTRODUCTION 

IN THE rod bundle ofa nuclear reactor the heat transfer across 
the narrow gaps between the fuel rods is considerably higher 
than predicted by isotropic turbulent diffusion theory, and is 
relatively independent of gap width [l]. Work repoorted 
earlier [ 1,2] showed that these phenomena were caused by a 
substantial anisotropy of the effective conductivity: the value 
in the direction through the gap, parallel to the rod surface, 
was much higher than the value normal to the surface. 
Turbulence driven secondary flows were found to be 
unimportant. 

Much of the experimental data on inter-subchannel heat 
transfer has been reduced to simple correlations by Rogers 
and Rosehart [3], and Ingesson and Hedberg [4], and these 
show that the heat transfer rate through the gaps is strongly 
influenced by the shape of the adjacent subchannels as 
characterized by the ratios p/d and p/de. To investigate the 
effect of subchannel shape on the inter-subchannel heat flow 
the earlier theoretical analysis [2] has been extended to 
predict gap Stanton numbers in ten different subchannel 
geometries for three of which experimental data is available 

iIll. 
The basic shape of the adjacent subchannels is shown in 

Fig. 1 together with the boundary conditions; details of the 
ten geometries are given in Table 1. For each geometry the 
adjacent subchannels remain symmetrical to one another. It 
should be noted that the geometries 1 b, 2a and 3a simulate an 
infinite square array, and the experimental results were 
obtained for geometries lb, 2b and 3b. All surfaces were 
smooth, the flow was fully developed both thermally and 
hydraulically, and the fluid was atmospheric air. 

In the earlier work it was found that the measured velocity 
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uniform temperature ( 

I 
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FIG. 1. Geometry investigated including thermal boundary 
conditions (all surfaces adiabatic except upper and lower flat 

walls). 


